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INTRODUCTION 

One of the important tasks to be performed by nuclear 

engineers in nuclear reactor analysis is determination of 

flux and power distributions in the reactor core . The 

common fine mesh finite difference techniques employed for 

this purpose in fuel management are not very attractive due 

to long computational time and large computer storage 

requirements for these methods. Techniques which have been 

developed since the early 1970s as alternatives to fine mesh 

techniques are nodal analyses of the reactor core. Although 

early versions of nodal models had been developed to 

calculate the core multiplication factor and average nodal 

powers, the later versions are capable of calcul ating local 

flux and power distributions as well (1,2]. Due to efforts 

being spent on the development of nodal techniques, they are 

expected to reach accuracy levels which will allow them to 

compete with fine mesh methods in the near futu r e [2]. 

The nodal methods, which are basic ally neutron balance 

equations, can be considered as the combination of three 

succe ssive procedures. The first procedure is to prepare 

homogenized neutronic parameters which will be used by the 

noda l equations. The success of the nodal techniques 

depe nds heavily on this first stage of computations. 

Although the most commonly applied technique for this 

purpose is to flux - weight heterogeneous neutronic 
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parameters, recently developed techniques based on 

"equivalence theory" are in the process of being adapted as 

the standard procedure for this purpose (3,4]. The second 

stage of the computations is the ~alculation of the core 

multiplication factor and the average nodal quantities such 

as average fluxes and average interface partial currents. 

Since the average quantities provided by the nodal 

calculations are not useful for a rigorous evaluation of the 

power distribution in the core, a third stage of 

calculations is required for determining the local flux and 

pin power distributions. The methods developed for this 

purpose can be grouped as normalization, flux-lupe and 

superposition methods [5]. 

The purpose of this thesis is to apply the 

superposition method to a PWR fuel assembly whi ch simulates 

some PWR fuel assemblies located in a reactor core. In the 

nodal reactor analysis, the nodes are u s ually treated as 

small homogeneous reactors coupled to each other through 

partial currents. If the partial currents f o r a node as 

provided by the global calculati ons are used as boundary 

conditions for a single node with the same neutronic 

parameters , it should provide the same flux distribution as 

the one provided by the global calculation for that specific 

node. In this thesis, the power distributions generated 

from the simulated flux distributions in a PWR fuel for 
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various boundary conditions are superposed by the power peak 

factors and the local pin power distributions are obtained. 

Then these pin power distributions are compared to the 

reference pin power distributions to study the performance 

under varying conditions . 
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LITERATURE REVIEW 

The first nodal methods ever developed were designed to 

calculate the global core eigenvalue and the average nodal 

powers (2). The success of these methods in determining the 

mentioned quantities led to efforts for developing new nodal 

models capable of calculating nodal pin power distributions 

in an accurate manner . As a consequence of these efforts, 

the techniques called imbedded heterogeneous assembly 

calculations, superposition method and an analytical method 

have been developed in recent years [3,5,6,7,8]. The common 

point among these methods is that they are all employed 

after global reactor solution has been obtained by the nodal 

techniques. 

are (2]: 

The other common points which can be observed 

1. they all use the outcomes of the nodal 

calculations for determining the pin power 

distributions, 

2. they can be applied to each node or fuel assembly 

in a calculation independent of othe r nodes, 

3. they usually employ transport techniques in one 

of the steps. 

The imbedded assembly or flux - lupe technique was 

developed by Koebke and Wagner (6) . This technique employs 

an interpolation scheme which is used to approximate the 

spatially dependent interface partial currents from the 
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average interface partial currents. Once the spatially 

dependent partial currents are approximated, they are used 

in a fixed source transport calculation carried out for the 

heterogeneous fuel assembly. This technique is very 

succesful for very heterogeneous fuel assemblies, but it is 

not very efficient since it requires a fine mesh 

calculation. Koebke and Wagner report a maximum error of 

1.7 % for an octant core which includes boron pins [6). 

Nissen who also investigated the same method, reports an 

error of 0.90 % for a BWR fuel assembly calculation at the 

bottom of the core [5). 

In the analytical approach reported, the heterogeneous 

flux is expressed as the product of a form function and flux 

peak factors [7,9). This expression is substituted into the 

diffusion equation. These equations are solved for the form 

functions after some approximations are made. Then the form 

functions are used to evaluate the smooth flux profiles in 

triangles into which the fuel assemblies are partitioned. 

The flux values at the corner points which make up the 

conditions for the form functions are determined by an 

interpolation technique as developed by Koebke and Wagner 

[ 6 J. 

The modulation or superposition method has also been 

developed by Koebke and Wagner [6]. This method includes an 

interpolation scheme for reconstructing the homogeneous flux 
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and power profiles. After the homogeneous power profiles 

are reconstructed, predetermined power peak factors are 

superpositioned on the homogeneous profiles to get the pin 

power distributions . This method· is reported to be 

successful in the assemblies with few heteregoneities . For 

the assemblies with the control r ods, the fuel assemblies 

are partitioned into more than one node to get better 

accuracy. 
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THE NODAL METHODS 

The nodal methods are usually based upon establishing 

neutron balance equations in subregions of the reactor core. 

The neutron balance equations can be derived from either the 

neutron transport equation or from the neutron diffusion 

equation. The derivation of the equations does not involve 

an y 2pproximation a nd the nodal equations can prov ide exact 

integral node quantities if exact coupling relati ons can be 

f ound between the adjacent nodes. The determination of the 

coupling relations between the adjacent nodes is where the 

first approximations are introduced in the de r ivation of t he 

equations. The derivation of the nodal equati ons in 2-D 

Cartesian geometry is outlined in the following section. 

Since the nodal equations are neutron balance 

equations, we are concerned with the integral quantities 

within the nodes. If we use the diffusion equation to 

derive the nodal equations, we start by integrating the 

neutron diffusion equation over the x-y cross section of the 

node shown in Figure l . 

g .. 
l) 

[ - VD (x,y)V¢ (x,y)+Et (x,y)¢ (x,y)]dx dy = g g g g 

~ .. lJ 

G G 
[x g h~l vEhf(x,y)+ h~l Esgh(x,y)]¢h(x,y)dx dy 

(3 - 1) 
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j+2 

j+l 

J~(Yj+l) 
t I 

+ I + 
Jy(Yj+l) 

+ + J (x . ) ~ Jx(xi+l) x 1. 

j 

J (x . ) J~ (xi+l) x 1. J ( y . ) t Y I J 

+ I + 
J (y . ) 

y J 

j-1 

i-1 i i+l i+2 

FIGURE 1. Adjacent nodes for development of the nodal 
equations 

where: 

~g neutron flux in group g 

D diffusion coefficient for group g g 

Itg total cross section for group g 

X fraction of fission neutrons born in group g g 

v average number of neutrons released per fission 

Ifh fission cross section for group h 

Isgh scattering cross section from group h to group g 
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The integration results in the f ollowing equation (10] 

G 
- [ L + L ] +A .. Et ¢ = A . . L [ x gv E fh + i sgh l ¢h x y lJ g g lJ h=l 

where: 

J ( x) is average neutron current in x direction x 

J (y) is average n e u tron cu rrent in y direction y 

L x = J (x . + 1 ) - J (x . ) x 1 x 1 

L y 

E a 

¢ .. lJ 

= 

¢tot 

1 ff; .. r ( x , y ) ¢ ( x , y ) dx 
¢tot a l J 

= ~ f.l .. ¢(x,y)dx dy 
lJ l J 

= !~ .. ¢(x,y) dx dy 
lJ 

d y 

If the currents at the interfaces are expressed in 

(3 - 2 ) 

terms o f partial interface currents, we can get the neutron 

balance equations. 

1 + - + -
h- (J (x . +l) - J ( x . 1 )+J (x . ) - J (x . )] x 1 x i+ x 1 x 1 

+ t :;: tg¥' g (3 - 3) 
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where: 

+ partial current in positive direction J ( x) average x x 

J ( x) average partial current in negative x direction x 

+ partial current in positive direction J ( y) average y y 

J ( y) average partial current in negative y direction y 

As can be seen from equation (3-3) , the average flux 

for node ij, shown in Figure 1, can be ca l culated if partial 

currents at the node interfaces are known. Two common 

methods for establishing coupling relations between the 

adjacent nodes are collision probability methods and 

polynomial expansion methods. They both express the 

outgoing partial currents in terms of incoming currents and 

average node fluxes. 

Collision Probability Method 

This method employs escape and transfer probability 

methods for expressing outgoing currents in terms of 

incoming partial currents and node average fluxes [l,10,11) 

in the following manner. 

- + - + 
( J ( x. + 1 ) + J ( x . ) + J ( y . + 1) + J ( y . ) ) PT ( x. 1) x 1 x 1 y J y J 1+ 

(3-4a) 
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- + - + (J ( x . 1 )+J (x . )+J (Y·+l)+J (y .))PT(Y ·+l) x i+ x l y J y J J 

- + - + (J (x . 1 )+J (x .) +J (Y· +l)+J (y . ))PT(y . ) x i+ x l y J y J J 

where: 

PE(s) = Probability f or neutrons born in node ij 

to escape through surface s. 

(3 -4b) 

(3 - 4c) 

(3 -4d) 

PT(s) = Probability for neutrons entering node ij 

from nodes (i,j+l),(i+l,j),{i,j - l),(i -l ,j) to 

escape through surface s . 

Determination of escape probabilities depend on the 

neutron sources very strongly. This requires some 

assumptions to be made for the source shapes . One 

assumption is to use flat source distributions . Sinc e this 

is a very crude approximation , it usually leads to 

insufficient accu racy [1] . An alternative for the flat 

source is to use quadratic polynomials for the neutron flux 

shapes as below : 
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1 - 2 
-(2¢ -~ (x . )-~ (x . )].(6u - 6u -1) 2 x i+l x l x x 

1 - 2 
-(2¢-~ (y. )-~ (y .)).(6u - 6u -1) 2 y J+l y J y y 

where: 

ax 

~(u ) = y j ¢ (x, y)dx 

0 a y 

~ ( u ) = x j¢(x,y)dy 
0 

u x = x 
a x 

u y 
= Y. a y 

(O~u~l) 

(3-Sa) 

(3 - Sb) 

These quadratic equations are used to calculate the 

escape probabilities for each iteration. 

Polynomial Expansion Method 

The starting point for the polynomial expansion me t h o d 

is to integrate the diffusion equation over one dimension 

and to reduce it to one dimensional equation in the 

following way (12]: 
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G 
= L ( xgv E fh + E sgh) iph ( x) 

h=l 

where: 

ip(x) = j ¢(x,y)dy 

ip(y) = j ¢(x,y)dx 

L (x) = J (x,y.+ 1 )-J (x,y.) y y J y J 

L (y) = J (x . 1 ,y) - J (x. ,y) x . x i+ x 1 

(3-6a ) 

The next step is to expand the one dimensional flux as 

a high order polynomial as given b y [12]: 

a 

lJI ( x) Jy i+j.;;2+n 
= 2= 

i I j =O 

x y_ c .. h. ( - )h. ( )dy lJ i a J a x y 
(3-7a) 

i+j.;;2+n 
2: 

i I j=O 

x y_ c . . h . ( - ) h . ( ) dx lJ 1 a J a x y 
(3 - 7b) lJI ( y) 

0 
where: 

ho = 1 

hl = 2u -1 

h2 = 6u(u-l) - l 

h3 = 6u(l-u)(2u-l) 
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2 = 6u(l-u)(Su -Su+l) 

2 h 5 = 6u(l - u)(2u-1)(6u -6u+l) 

The first fi ve coefficients of the polynomial are 

obtained by using the following conditions . 

- Ds!_ (dtP) = J+( ) J-( ) dx dx x xi+l - x xi+l at x=xi+l 

- + J (x. )-J (x.) x 1 x 1 

+ -
~( x.) = 2[J (x. )+J (x.) I 

1 x 1 x 1 

a x 
¢ = ! j tP ( x) dx 

x 0 

at x=x. 
1 

(3 - 8a) 

(3 - 8b) 

(3-8c) 

(3-8d) 

(3-Be) 

The rest of the coefficients are calculated by using 

the weighted residual method. An analogous scheme is 

applied to find tP(y ). 

If the transverse leakage terms in equations (3 - 6a) and 

( 3-6b) can be approximated, outgoing partial currents can be 

obtained from the equations since tP(x) and tP(y) are known in 

terms o f the polynomials . The transverse leakages can be 

approximated by a parabolic equation (11,13]. 

(3-9a) 
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(3 - 9b) 

Coefficients fo r the equations (3-9a) and (3-9b ) are 

found by using the following conditions: 

a 
- 1 j x L = ~ L (x)dx y a y x 0 

Li - 1, j (x.) 
y l 

Li+l,j(x. ) = 
y i+l 

a 

L = L J YL (y)dy 
x a x 

y 0 

Li, j+l( . ) 
x YJ+l = Li'j( ) x Yj+l 

(3 - lOa) 

(3-lOb) 

(3 - lOc) 

(3 - lOd) 

(3-l Oe ) 

(3 - lOf) 

If the equations (3-9a) and (3 - 9b) are substituted into 

equations (3 - 6a) and (3 - 6b), ou tgoing currents in these two 

equations can be written in terms o f incoming partial 

currents and node average fluxes. Then these outgoing 

partial currents are used to eliminate the outgoing partial 

currents which appea r in equation (3 - 3). After that an 

iterative technique is employed to solve the nodal equations 

for the average fluxes. The incoming partial currents from 

the previous iteration are used to calculate the node 

average flux from e quation (3 - 3). This updated average flux 
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and the incoming partial currents are used to update the 

outgoing partial current which is to be used by the adjacent 

nodes as incoming partial current. 
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HOMOGENIZATION OF NEUTRONIC PARAMETERS 

As was discussed in the third chapter, the nodal 

equations are derived for homogenized regions. Since fuel 

assembli e s are not homogenous, the neutronic parameters 

should be homogenized in some way. The success of ie nodal 

methods is heavily dependent upon finding properly 

h omogenized neutronic parameters . 

The homogenized neutronic parameters which will be used 

in the nodal equations must have the following 

characteristics for an exact representation of a 

heterogenous core region [14]: 

1 . they s hould be constant over a given vo l ume V., 
l 

2 . they should provide the same integral reaction 

rates as were provided by the heterogenous 

parameters, 

3. they should provide the same eigenvalue as was 

provided by the heterogenous parameters. 

These conditions can be met if the following 

expressions can be satisfied. 

(u=x,y,z) 

- (5 l. ( 
u i J v. 

l 

fv : [ A ( r ) ] [ ¢ ( r) ] dV = 
l 

[A l i fv . [ ¢ ( r) ] dV 
l 

(4- 1) 

(4 - 2) 
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Jv . [ M ( r) ] [ ¢ ( r ) ) dV = [ M] i fv . [ ~ ( r) ) dV 
l l 

where: 

[ J ( r) ] = Col l J 1 ( r), J 2 ( r), .. ..... , JG ( r) l u u u u 

[A(r)] = {Agh(r)}, a GxG matrix 

i i i i = Co 1 { v 1 Ef1 ( r ) , ... .. .. , v GE f G ( r) J 

[ Xi] = Col {Xi, x;, ... ... .. , X ~l 

[M(r)] = E [ X i][viE~]T 
i 

(4-3) 

Although some new techniques have been p r oposed fo r 

homogenizing the neutronic parameters [3, 4 ), the flux -

weighting method still has a c o mmon applicati o n for t his 

purpose . In contra s t with its simplicity, it has serious 

theoretical weaknesses. Due to seve r al approximations wh ich 

will be outl i ned below, it h as a limited range o f 

application . This causes large errors in BWR power 

predictions [ 3] . I n this technique, the h omogenized 

neutronic para meter s can be expressed as below: 

[M] . = [ ~ (V. [M(r) )[¢(r)]dV 1 ¢ tot Jv i (4-4) 
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= [ ~ J V . [ A ( r ) ) [ ¢ ( r) ] dV 
¢ tot i 

(4 - 5) 

[ 5 I . u l 
(4 - 6) 

whe re : 

If the equations (4-4),(4-5) and (4-6) are studied, it 

is easi ly seen that calculation of the homogenized 

parameter s requires heterogenous fluxes to be known 

beforehand . Another problem associated with tha t is, even 

though heterogenous fluxes are assumed to be known, the 

calculat ion of homogenized parame te rs for each node i s a 

time consuming procedure. The general approach to avoid 

these difficulties is to so l v e an eigenvalue problem for a 

fuel assembly with reflecti v e albedo c onditions and to use 

that flu x distribution for all the fuel as s emblies which 

have the same material properties. Although this is a good 

approximation fo r the fuel assemblies near the center of the 

reactor core , it is not a valid approxi mati on near the 

periphe ry o f the co re where large flux gradients may occur. 

Another problem lies with equations (4-2) and (4 - 3) . 

These equations are in fact in vector f orms as shown by 

equation (4 - 7) . 
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Even though all the heterogenous fluxes are assumed to 

be known, equation (4 - 7) consists of G unknown homogenized 

parameters. This diffi culty can be overcome if the integra l 

reaction rates of the homogenized and the heterogenous 

regions are taken to be equal in each energy group 

sepa rately as shown in equation (4 - 8) . 

A . (V ~ ( r) dV = (v A . ( r) ¢ . ( r ) dV g1 J \ . g J \ . g1 g1 
1 1 

g=l, .. ,G (4-8) 

The maj o r approx imation made i n this homogenization 

technique is in the determination of the homogenized flux 

shapes which are denominators o f the equations (4- 4), (4 - 5) 

and (4 - 6) . Since the determination of the homogenized 

fluxes is the target of the nodal analysis, there is no way 

of knowing these fluxes at the starting point . The routine 

way of approximating these fluxes is to use predetermined 

heterogenous fluxes to replace the homogeni zed fluxes. With 

that approximation, equations (4-4) , (4-5) and (4-6) become: 

(4-9) 

(u=x,y,z), g=l , .. ,G 
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A . = _ l_ J Ag(r )ct>g(r)dV 
gi "'tot vi 

M . = ~ f v M (r)¢ (r)dV 
gi •to t i g g . 

where: 

The last difficulty with the method lies with the 

(4 - 10 ) 

(4-11) 

determination of the homogenized diffusion coeffici ent. The 

diffusion coeffic ient is a directional quantity and three 

separate homogenized quantities are required for the exact 

representation . These three coefficients can be reduced to 

one coefficient if the node is assumed to be a perfectl y 

symmetric region either materialwi se or flux-gradient-wi se . 

If the requirement for the conservation of the integrated 

neutron is replac ed by the conse r vation of the integrated 

transport reaction r ate, the equation fo r determining a 

h omogenized diffusion coefficient can be written in the form 

of the following equatio n. 

1 
~ g1 

= ~ f v . D ~ r) '1> ( r) dV 
tot i g g 

(4-12) 

As it can be seen from the discussion given above , the 

flux- weighing method is not a n e xact formulation. It 

contains several approximations and assumption s. In spite 

of this fact, thi s method has been used extensively for 



www.manaraa.com

22 

homogenizing the neutroni c parameters especially in cases 

where there are not large flux gradients ove r the region to 

be homogenized. 
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THE METHOD OF SUPERPOSITION 

The method o f superposition , as applied in this thesis, 

is simply to superpo se the local power distribution within a 

node upo n a p ower distributi on calculated for a fuel 

assembly with h omogenized neutronic parameters. The 

superposition method divides the determination of the 

detailed power distribution into two stages. In the first 

s tage , the effects of the material heterogeneities is 

removed fr om the ca l culation s b y h omogenizing the neutronic 

parameters of the f ue l assembly . As a result of this 

homogenization, the power distributions, determined from the 

nodal model fo r e xample, would have the gradients imposed by 

the boundary conditions and the general power levels 

preserved. The introduction o f the effects o f the 

heterogeneities to the power distr ibutions is done by 

superposing a more detai l ed, local power distribution upon 

the smooth power distributi on s determined i n the first 

stage. 

As can be seen from Figure 2, a typical PWR fuel 

assembly, even if the individual "pin cells " are 

homogenized, still has a heterogeneous structure. The 

existence of h eterogeneities in the f uel assembly would 

require a fine me s h technique to be used for ri gorous 

determination of t he pin power distribution. 
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- Water cell 

D Fuel cell 

The heteregenous fuel assembly 

The homogenized fuel assembly 

FIGURE 2. The heterogeneous and the homogenized fuel 
assemblies 
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The detailed effects of the material characteristics 

upon the power distribution are only weakly dependent on the 

boundary conditions imposed on the fuel assembly . As a 

result of this weak dependence, the effects of the material 

characteristics on the power distribution can be determined 

with an eigenvalue calculation by using a zero current 

boundary condition . This boundary condition removes all 

gradients which can be imposed by the adjacent nodes, and 

the power distribution resulting from this ca l culation would 

reflect only the effects of the heterogeneous character of 

the fuel assembly. This power distribution determined by 

using zero current boundary condition can be normalized by 

dividing the power distribution by the average assembly 

power . This normalization would result in the "powe r peak 

factors". Then, we multiply the smooth power distributions 

simulating the nodal solutions for various conditions by the 

power peak factors to determine the local pin power 

distributions. The scheme for the superposition method is 

outlined in Figure 3. 
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b)Power peak factors provided by 
a fine mesh calculation with 
perfec tly reflected boundary 
conditions 

c)Superposition of power peak 
factors (0) upon the smooth 
power distribution (a) 

d ) Pin power distribution simulating 
fine mesh calculations with identical 
boundary conditions for smooth power 
distribution case 

FIGURE 3. The schematic representation of the superposition 
method in one dimension 
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APPLICATION OF THE METHOD 

The application of the superpos ition method in this 

thesis is carried out in two stages. The first stage covers 

the preparation of homogenized neutronic parameters and 

power peak factors. The second stage involves determination 

of general features of power distribution for the 

homogenized fuel assembly and regeneration of the local pin 

power distribution by superposition. In this thesis, 

performance of the method is also evaluated by comparing the 

results with a reference solution. 

Preparation of the Input Data 

The h omogenization of the neutronic parameters is done 

by using the flux-weighting method discussed in the fourth 

chapter. An eigenvalue calculation is carried out with the 

zero current boundary condition, and the resulting flux 

distribution is used to homogenize the neutronic parameters 

by using equations (4-10), (4-11) and (4-12). The neutronic 

parameters obtained from this homogenization process are 

assumed to represent the heterogeneous fuel assembly. 

As explained in the fifth chapter on the superposition 

method, power peak factors are also determined from 

eigenvalue calculation with zero current boundary 

conditions . Since both the homogenization of the neutronic 

parameters and the determination of the power peak factors 
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require an eigenvalue calculation with zero current boundary 

conditions, the same calculation serves for both purposes. 

The eigenvalue calculation is carried out with the finite 

difference code DTDMG ( 15 ) by using space dependent 

neutronic parameters in the fuel assembly. The scheme used 

for these local calculations is shown in Figure 4. 

Construction o f Pin Power Distribution 

Although the power peak factors are conventionally 

obtained from zero current calculations, the superposition 

method could be applied more accurately to the results o f a 

global calculation. In our application, the global 

calculation provides boundary conditions to simulate the 

distributon of flux in a fuel assembly in a reactor core. 

The coarse mesh methods treat the core subregions as small 

homogeneous reacto rs coupled to the other regions through 

boundary conditions. If equation (3-3), which gives the 

nodal neutron balance expression, is studied, i t can be seen 

that the flux within a node can be determined if the partial 

interface currents are known. In this work , we retain the 

power peak factors computed for the heterogeneous assembly, 

but apply them to fluxes within the homogenized node 

determined from these interface currents. 

If the interface partial currents for a fue l assembly 

are taken from the converged global solution and used as t h e 
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neflectiv0 

Solving the NDE with FD code 

Power nrof ile 

Determining the power 
peak factors 

Power peak factors 

Flux distribution 

Determining the 
homogenized parameters 

Homogenized parameters 

FIGURE 4. Flow diagram for preparing the homogenized 
neutronic parameters and the power peak factors 
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boundary condition for a single homogenized fuel assembly, 

the flux for that single fuel assembly should be in 

agreement with the one calculated for the coupled fuel 

assembly. In our case, typical interface albedo conditions 

for coupled fuel assemblies were used as the boundary 

conditions to simulate the fuel assemblies in a core. The 

finite difference code DTDMG was used to calculate the 

smooth power distribution for the h omogenized fuel assembly. 

Comparison of Superposed and Reference Solutions 

The reference solution used for evaluating the 

performance of the method is obtained from an eigenvalue 

calculation with heterogeneous neutronic parameters by using 

the same albedo boundary conditions as was used in 

determining the smooth power profile for the homogenized 

fuel assembly. As in all other calculation s, the reference 

solution was also determined by using the DTDMG code. Onc e 

the smooth power distributions for the homogenized fuel 

assembly were obtained for various albedo boundary 

conditions, they were normalized to the assembly average 

power given by the reference solution as below: 

where: 

f 

f .Ph (x,y) om 

p /P ref horn 

(6 - 1) 
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p is average power given by the reference solution ref 
P is average power given by the smooth power horn 
distribution 

The determination of the pin power distribution, the 

flow diagram for which is shown in Figure 5, is completed 

with multiplication of the smooth power distribution by the 

power peak factors in the following manner. 

Ppin(x,y) = PPF(x,y).Pnor(x,y) (6-2) 

where: 

PPF(x,y) is power peak factor distribution 

After the pin power distributions were determined, they 

were compared to the reference solutions to evaluate the 

performance of the method. This comparison is done by 

calculating the relative errors using the following 

criterion. 

Relative Error % 

The relative errors calculated according to the above 

criterion are averaged over each cell shown in Figure 2 and 

an average cell error is determined. 

The application of the method in this thesis has been 

based on a PWR fuel assembly which contains a lSXlS array of 

fuel pins, instrumentation sheath and control rod holes 
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Homogenized neutronic Albedo boundary 
arameters 

Solving the neutron diffusion 
equation with DTDMG 

Smooth rof ile 

Reference average 
ower 

Normalization 

I 
Normalized smooth 

rof ile 

eak factors 

Superposition 

Pin power distribution 

FIGURE 5. Flow diagram for determination of the pin power 
distribution by the superposition method 
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[14). Parameters specifying the fuel assembly used in the 

calculations are listed in Table 1 . The procedure of group 

cross section generation produces neutronic parameters for 

the all fuel cells. As a result of that, the fuel assembly 

with all the control rods fully withdrawn, can be 

represented as in Figure 2. The fuel, which was chosen to be 

uranium dioxide in this case, has an enrichment of 3 %. The 

cross sections used for calculations were generated by using 

the computer codes made available by the Nuclear Engineering 

Department of the Iowa State University [ 15). 

TABLE 1 . Some specifications of the fuel assembly 

Diameter of the fuel pellets 0.93 cm 

Thickness of the clad 0.06 cm 

Outside diameter of the fuel rod 1.07 cm 

Pitch 1.10 cm 

Side length of the quarter assembly 21. 40 cm 

Side length of the assembly 42.90 cm 
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RESULTS 

The structural materials, control rods, reflector 

around the core and the heterogeneous distribution of the 

fuel in the reactor causes a large number of the gradients 

in the flux distribution. The success of the superposition 

method depends on how well it can generate the pin power 

distribution under these large gradients. The method should 

be able to generate the pin power distributions with small 

errors for all cases. The gradients, which were used to 

test the performance of the superposition method, were 

imposed through the albedo boundary conditions . The albedo 

boundary condition can be defined as the ratio of incoming 

partial current to the outgoing partial current at the 

boundary. 

a - J . /J in out 

As can be seen from the definition above, the albedo 

can take various values as a function of the flux 

distribution in the close vicinity of the boundary. If the 

flux attains a higher value outside the boundary, this would 

cause the incoming partial current to be larger than the 

outgoing partial current. In such a case, the albedo takes 

values large r than 1.0. If the flux has a flat 

characteristic around the boundary, the incoming and the 

outgoing partial currents would be equal a nd the value of 
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the albedo would be 1.0. This case is usually known as the 

perfectly reflective boundary condition. The other 

alte rnative is that the albedo is less than 1 . 0 . This takes 

place when the flux inside the boundary is higher than the 

flux outside the boundary. One extreme example for this 

case is to assume zero incoming partial current for which 

the albedo takes value of 0.0. In our applications, the 

albedo values have been chosen between 0.4 and 1.0 . 

In this thesis, the method of superposition was tested 

for 7 cases. In the first case, all the albedo conditions 

were chosen to be the reflective boundary conditions. Then 

the gradients imposed were increased in strength. Although 

the albedo conditions may vary along the sides of the fuel 

assembly, they were chosen to be constant for problem 

simplicity. Since the fast neutrons penetrate more than the 

thermal neutrons, the gradients imposed for the first group 

neutrons are larger than the second group neutrons . The 

albedo conditions used for the 7 cases are listed in Table 2 

Figures 6- 12 give the results for the cases tabulated 

in Table 2. The top numbers in each box give the average of 

the reference power for the corresponding fuel pin. The 

bottom numbers give the average of the percent errors for 

the same fuel pin . The boxes which contain the zeroes 

corre spond to the water columns in the fuel assembly. 
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TABLE 2. Albedo boundary conditions for sample cases 

Case Group Albedo Conditions 

Inner Outer Lower Upper 

1 1 1. 00 1. 00 1. 00 1.00 

2 1. 00 1. 00 1. 00 1. 00 

2 1 0.80 0.90 0.9S 0.8S 

2 0.8S 0.93 1.00 0.90 

3 1 0.90 0.80 0.7S 0.80 

2 0.93 0.88 0.80 a.es 

4 1 1. 00 a.so 1.00 0.70 

2 1. 00 0.60 1. 00 0.80 

s 1 1.00 o.so 0.70 0.70 

2 1.00 0.60 0.80 0.80 

6 1 0.70 o.so o.so 0.70 

2 0.80 0.60 0.60 0.80 

7 1 0.50 0.40 o.ss 0.40 

2 0.60 o.so 0.6S o.so 
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FIGURE 6. The reference power profile and relative % error 
distribution for case 1 
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FIGURE 9. The reference power profile and relative % error 
distribution for case 4 
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FIGURE 10. The referenc e power profile and relative % err o r 
di stribu tion for case 5 
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FIGURE 11 . The reference power profile and relative % erro r 
distribution for case 6 
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Since we tried to determine the pin power distribution, 

ou r main concern is the magnitudes of the errors which arise 

in that estimation process. If the maximum (+) and (-) 

errors are studied in Figures 6-12, we see that (+) maximum 

errors vary to 2.48 % while (-) maximum errors vary to -1.80 

%. The maximum (+) and (-) errors are tabulated in Table 3 

fo r all cases. 

TABLE 3. The maximum relative% errors for the sample cases 

Case Maximum ( +) % Error Maximum ( - ) % Error 

l Negligible Negligible 

2 0.66 -1.15 

3 0.92 -1. 21 

4 1. 56 -1. 76 

5 1. 61 -1. 69 

6 1. 83 -1.63 

7 2.48 -1. 80 
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Some other observations can be made upon the positions 

of the maximum errors . The (+) errors are observed to be 

positioned where the power levels are higher while the (-) 

errors are usually located where the power levels are lower. 

The maximum errors are attained near the power peaks for the 

(+) errors and the maximums for the (-) errors are observed 

near the power troughs. In other words, the method 

estimates the power peaks in a conserv ative manner . 

TABLE 4. Comparison of the minimum and the maximum power 
levels in the fuel assembly with the power levels 
in the cells with the maximum relative errors 

Case Maximum Minimum Power in the cell of 

power power maximum % 

( +) error (-) error 

2 2 .02 1.03 2.02 1.03 

3 2.01 1. 03 1. 89 1. 05 

4 2.01 0.43 1. 99 0.74 

5 2.00 0.52 1. 88 0.73 

6 2.00 0.50 1. 91 0.72 

7 1. 97 0.43 1. 95 0.77 
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Another useful set of information is obtained, if the 

differences in the temperatures induced by the inaccuricies 

in the power calculations are estimated . The fuel pin 

centerline temperature differences (°C) induced by the (+) 

relative errors, whi c h were calculated by using the 

formalism in the Appendix, are listed in Table 5. 

TABLE 5 . Differences in the fuel pin centerline 
temperatures induced by the (+) relative errors in 
the power calculations 

Case ( +) Relative % error 'VT ( oc) induced by error 

2 0.66 9 

3 0.92 13 

4 1. 56 22 

5 1. 61 22 

6 1. 83 25 

7 2.48 34 
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CONCLUSIONS 

In this thesis, a method of superposition was applied 

to determine the pin power distributions in PWR fuel 

assemblies which contain water regions . In this method, 

fuel assemblies were homogenized by weighting the space 

dependent neutronic parameters with flux computed for a fuel 

assembly with perfectly reflective boundary conditions . 

Typical interface currents were then used to generate 

internal flux distributions within a fuel assembly, and the 

power peak factors from the initial calculation with 

reflective boundary conditions used to get a final estimate 

of local pin power distribution. The pin power 

distributions estimated by the method of superpos i tion were 

compared to reference power profiles to determine how the 

method performs under various conditions . One important 

point in evaluating the results is that the method should 

estimate the pin power distribution in a conservative 

manner. In other words, the method should overestimate the 

power levels in the fuel assembly to satisfy the safety 

considerations. If we look at the Table 3, we see that the 

method overestimates the power at some locations while it 

underestimates the power at some other locations . As a 

consequence of this, the locations of the underestimated 

power levels become significant. If we study Table 4, we 

see that the power is underestimated where the power levels 
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are far below the maximum power level. Since the maximum 

power is chosen to satisfy the constraints on the maximum 

power level, the power levels whe re they are underestimated 

by the method are very unlikely to approach the maximum 

power level constraints. As a result of this discussion, we 

can say that the method satisfies the conditions imposed by 

the safety considerations . 

Another important point the method should satisfy is 

that the errors arising in the estimation process should not 

be very large. Since the maximum power in the reactor is 

fixed to satisfy the safety considerations, the actual 

maximum power would become lower as the errors in estimating 

the power levels become larger . This is not a desirable 

resul t since it reduces the efficiency of a reactor. If we 

look at the Table 3, we see that the largest (+) relative 

error is 2.48 % while the maximum (-) relative error ever 

reached in 7 cases is - 1.80 %- Although these magnititutes 

seem to be small, we can have a clearer idea if we look at 

fuel pin centerline temperature differences induced by these 

errors. As was discussed in the previous paragraph, ( - ) 

relative errors lose their importance since they are 

positioned where the power levels are low. Therefore, we 

look at the temperature differences caused by the (+) 

relative errors. As we can see from the Table 5, even under 

very sharp gradients, the temperatures can be estimated with 
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a difference of 34 °C and this difference is at a manageable 

level when compared to the maximum permissible level fuel 

temperatures about 2000 °c. As a result, we can say that 

the superposition method is succesful in determining pin 

power distribution . 
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APPENDIX 

If the fuel rods are assumed to have circular symmetry, 

a 2-D problem can be reduced to a 1-D problen and for such a 

case the heat conduction equation can bo. written as below: 

0 (A- 1) 

where: 

q power density, watt/cm3 

k thermal conductivity coefficient, watt/cm °C 

For the homogenous material properties and the power 

density, this differential equation can be solved 

analytically. If we assume that the surface temperature of 

the fuel pellets and the inner surface temperature of the 

clad are the same and the outer surface temperature of the 

clad is insensitive to small changes in the power density, 

we can calculate the temperature change at the center line of 

the fuel pellets. This temperature change induced by the 

change in the power density is given as: 

(A-2) 

where: 

VT change in temperature , 0 c 

R radius of the fuel pellets, cm 
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kf thermal conductivity coefficient for the fuel 

watt/cm °C 

k thermal conductivity coefficient for the clad c 

watt/cm 0 c 
reference va lue of the power density , 

estimated value of the power density, 

3 watt/cm 
3 watt/cm 

For the calculations, the variables given above were 

assigned the f o llowing values : 

qA = 750 watt/cm 3 

kf = 0.031 watt/cm oc 

k = c 0 .138 watt/cm oc 

e 
qB = qA [ l OO +l ] 
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